Resonances within ground-penetrating radar ͑GPR͒ reflection profiles recorded over shallow, frozen lakes located on an artillery and bombing range in interior Alaska originate near ice/bottom and freeze/thaw interface horizons and are similar to those caused by shallow utilities. The transmitted pulse spectra were centered near 280 MHz. Low-pass filtering differentiates the resonances from background scattering. The transit times between their onset and that of the overlying interface reflections correspond with spectral peaks predicted for layers with thickness of one in-situ quarter-wavelength, which we call quarter-wave resonance. The peaks are below 160 MHz, which is well below the transmitted pulse bandwidth and may occur as a modulation of a reflection sequence. Although the transit times cannot resolve both layer thickness and permittivity, reasonable values of permittivity give overburden layers above the targets on the order of 10 cm, which is consistent with the persistence of the resonances. Numerical models of metal objects beneath an interface between materials of strong permittivity contrast reveal that significant energy at the predicted frequencies requires cylinder diameters too large to be ordnance. However, strong resonances at the predicted frequencies result from flat metal sheets of 0.5-1 m dimension, and so we interpret the resonances to be caused by nonhazardous targets. Late winter is an ideal time to survey for targets in this area because the ice affords repeatable positioning for the antennas and thermal high-dielectric-contrast interfaces are then well developed. The bandwidth of the pulse we used appears ideally suited for both resolution of the shallow strata and detection of the resonances, thereby allowing the resonances to be checked against quarter-wave theory.
INTRODUCTION
Resonances infrequently occur in GPR reflection profiles and are generally associated with metal objects just beneath the surface. By resonance we mean events that are brief in distance and extensive in time and that usually contain multiple vertically aligned and abbreviated diffractions at a nearly fixed frequency. Each diffraction must originate at the same depth because it does not appear to widen with increasing time. More frequently, geometrically simple targets usually provide single-wavelet diffractions in response to GPR signals, with strength depending on pulse center frequency and polarization relative to the target axis. Such targets may be metal pipes ͑Allred et al., 2004͒, rebars ͑Li et al., 2004͒, or military ordnance ͑Rhebergen and van Wijk, 2004͒. Resonances and diffractions may be the main options used to identify target characteristics because the wavelengths of GPR signals are generally too long to allow the target geometry to be outlined by reflection horizons. In this paper we discuss frequency characteristics of resonances within field data caused by the interaction of a target with subsurface stratification.
Resonance from targets may have several causes, aside from noise such as antenna mismatch ͑Radzevicius et al., 2000͒. A first cause is target surface oscillations, especially for metal wires or cylinders, whereby induced currents will reverberate along the target surface at a frequency determined by the target length ͑Chen and Peters, 1997; Radzevicius et al., 2000͒ . These resonances are complex, so they experience large attenuation when the target diameter compares with a significant fraction of a wavelength; large cylinders usually do not support surface resonances.Asecond cause is target internal oscillations, which occur within a dielectric structure such as a hollow or water-filled plastic or concrete pipe ͑Falorni et al., 2004͒. A strong contrast in relative dielectric permittivity, r , between the target materials and the ground allows a small leakage of the resonance to the surface while the reverberation persists. The third type of resonance is similar to intralayer multiple reflections and occurs between the target and an interface across which exists a strong dielectric contrast. The most common situation is a utility just below the ground surface. Here we examine cases where we believe this third type of resonance exists, but at depth and not just below the surface.
Interfaces between materials of strong dielectric contrast are provided by the stratigraphy beneath lakes ͑the subbottom͒ because r of water is generally much higher than that of any sediment or rock, whether saturated or not. High permittivity contrasts at depth will also occur beneath shallow lakes that freeze completely to ͑or even beneath͒ the water bottom because of the low r of ice and the higher r of either frozen or unfrozen silty or clay-rich sediments. This stratigraphic context is common in late winter within the many shallow lakes ͑Ͻ2 m depth͒ that comprise more than 20% of the approximately 400 km 2 of artillery and bombing ranges on Fort Wainwright and Fort Greely in interior Alaska. Consequently, these lakes are likely to supply another strong ingredient for resonance: metal targets.
We recorded GPR profiles in March 2005 when the lakes were completely frozen. The profiles feature many diffractions, a few resonances, and irregular horizons that define the lake bottom, the freeze/thaw boundary, and sedimentary stratification. These lakes exist on frozen and unfrozen glacial outwash deposits, so boulders or localized deposits of clay or silt should be the source of most of the diffractions ͑Bristow and Jol, 2003͒. In view of the fact that natural resonances are suppressed in typical, cylindrical ordnance, we formed the hypothesis that the resonances were caused by metal targets near the major ice and freeze/thaw interfaces; a dielectric target would permit too much transmission loss upon successive reflections to sustain resonance. However, we needed a test to relate these low frequencies to layer structure because the resonances are typically characterized by frequencies well below the pulse bandwidth.
Based on our resonance hypothesis, our objective was to determine if the transit times between the onset of these resonances and those of the overlying interface reflections correspond with spectral peaks predicted by quarter-wave resonance theory for layers. This means that a spectral peak should occur at a frequency that equals the inverse of twice the transit time within the layer. If such frequencies exist, then ͑1͒ the resonances are caused by metal targets, or else an entire profile would be filled with resonance between the interfaces and the natural inhomogeneities, and ͑2͒ the target might be of wavelength size or more, so that resonance within or on the target itself is unlikely. The profiles we analyzed were recorded with GPR pulses centered near 280 MHz. The associated bandwidth has provided depth resolution of an ice sheet 1 m thick or less ͑Arcone and Delaney, 1987͒ and penetration of about 2-3 m in unfrozen and saturated silt ͑Arcone et al., 1998; Arcone and Delaney, 2003͒. After removing the constant background scatter, we applied a low-pass frequency filter to reveal and locate the position of the resonances. We then were able to identify the origin of our resonant diffractions within the unfiltered profiles and to measure their transit time within the layer in which they existed. We use numerical and analytic models to help interpret the nature of the targets because excavation was prohibited.
Previous articles on GPR profiling of lakes or rivers have addressed its ability to obtain subbottom stratigraphy at pulse center frequencies of about 50-250 MHz ͑Delaney et al., 1992; Sellmann et al., 1992; Fuchs et al., 2004; Porsani et al., 2004͒ . Arcone and Delaney ͑1987͒ have used 500-MHz airborne GPR to obtain bathymetry and frazil ice thickness but not subbottom stratigraphy beneath ice covers. In ice, Arcone ͑1995͒ showed that the far-field beamwidths are wide in both principal radiation planes. Generally, reverberation within the ice, caused by the high reflectivity of the underlying water, is problematic. Along the transects reported here, the lakes were completely frozen.
Previous articles discussing target interaction with a dielectric interface have focused on computations of the backscatter to the surface but have paid little attention to resonance ͑Jackson, 1990; Liu and Shen, 1991; Vitebskiy and Carin, 1995͒ . Only Jackson ͑1990͒ seems to have noted a resonance effect in passing.
SITE DESCRIPTION
We recorded our profiles on Longhorn and Dallas Lakes, located in the Texas Range, one of many artillery ranges located on greater Fort Wainwright, near Delta Junction, Alaska ͑Figure 1͒. These ranges are situated on at least 60 m of outwash sands and gravels generally known as the Donnelly moraine ͑Péwé and Holmes, 1964͒. The Texas Range has not been active since 1980. The lakes appear to have formed in pluvial and spring-fed depressions of a few hundred meters maximum dimension, sometimes surrounded by morainal ridges. Therefore, they do not have the typical deep lacustrine deposits of well-stratified silts and clays, but rather a rocky bottom with central sections of loess that have a thickness of about 1 m or less. Some of the northerly shorelines are mostly sandy or covered with small boulders, and we presume this is the deeper horizon we see in our profiles. Southerly shorelines often contain tussocks beneath which the sedimentation generally has a loess cover. Ice-poor permafrost is sporadic throughout the area, and it is doubtful that any permafrost exists beneath the lakes. Longhorn Lake has at least 12 craters along its southern shore, each of about 2-3 m in the largest dimension ͑Figure 2͒.
EQUIPMENT AND PROCEDURES

Antennas
Our field equipment and profiling and processing methods have been described elsewhere ͑Arcone et al., 2003͒. We used a GSSI ͑N. Salem, NH͒ SIR3000 16-bit control unit and model 5103 ͑400-MHz͒ antenna unit. This pulse-dominant frequency is specified by the manufacturer, but it decreased to 280-300 MHz because of an- tenna impedance loading by the ice surface. The antenna unit contains both transmitter and receiver antennas spaced 0.15 m from center to center. We dragged it along the ice surface at about 1 m/s with the antenna polarization oriented orthogonal to the transect directions ͑Figure 3͒. The radiated pulse waveform shape is also shown in Figure 3 . The positions of the antenna unit were recorded with nondifferential GPS with an estimated accuracy of ±5 m in our absolute position. Consequently, the cross tie of two transects shown may be in error by as much as 10 m. The positional accuracy stated in the results section is only relative and meant for identification of particular traces within the profiles discussed.
Processing
We recorded all data with range gain, no stacking, and wide-band IIR filters between 50 and 700 MHz. Our postprocessing used the GSSI RADAN software package. We first applied a 150-550-MHz finite-duration impulse response ͑FIR͒ filter to alleviate high-frequency noise and low-frequency modulation and to preserve the 20-dB bandwidth ͑approximately 170-390 MHz͒ of the incident pulse. The frequency of the FIR filter specifies the 3-dB roll-off value; the software implements a second-order filter, which applies 12 dB of attenuation per frequency octave. The use of a 150-MHz filter was a compromise in that it was needed to remove the low-frequency modulation yet low enough to preserve the resonances we sought. Measurements performed on the spectra of several traces verified that the 150-MHz filter suppressed 100-MHz signals by only 6 dB, which left plenty of energy to detect them later, as will be seen. We then removed most background clutter from the raw data with a 501-trace-window horizontal filter, which computes an average value for each time sample over this window length and then subtracts it from each trace to provide background removal. This process left the reflection horizons intact and did not distort local events that lasted 10-20 traces.
To help identify resonances, we applied a low-pass, 100-MHz FIR filter to separate them from the 20-dB bandwidth of the transmitted pulse. After this process some resonances other than quarterwave spectra occurred near 200 MHz. A measurement of their amplitude levels determined that the 200-MHz level suffered only 11.4 dB of loss relative to the 100-MHz level, which is consistent with the specifications of a second-order filter. We used the RADAN oscilloscope function to form and display the magnitude of the trace spectra amplitudes.
Depth interpretation and timing accuracy
We used the echo transit time formula,
where c = 0.3 m ns −1 , to transform the round trip echo transit time t, measured in nanoseconds, into layer thickness d, in meters. All time scales are plotted in this two-way transit time. We recorded a time range of 200 ns at 1024 16-bit samples/trace, which gives a time resolution of one sample per 0.2 ns, but only the first 100 ns of the unfiltered profiles are displayed to show the near-surface detail. We estimate an error of ±0.2 ns in picking the correct value of time zero ͑time of transmission͒, which we calculated from the arrival time of the direct coupling recorded in the raw data, minus 0.5 ns to account for the center-to-center antenna separation of 0.15 m. This zero time is important for estimating transit times in the first layer, which is ice, but not for the transit time within subsequent layers. In view of this timing accuracy, r of ice for temperatures near 0°C ͑3.18͒ gives ice thickness error estimates of 5% for transit times near 7 ns. Greater inaccuracy may result in our estimates of layer thickness because of uncertain estimates of r for frozen and thawed silt.
Event selection
We preclude the possibility of mistaking antenna resonance, caused by intermittent antenna-ground coupling, for subsurface resonance because our ice surface conditions were smooth and uniform, and the resonances we sought were below the antenna 20-dB bandwidth. The unfiltered reflection profiles usually revealed the presence of resonances. However, the filtered profiles revealed whether or not they had low-frequency content and might therefore harbor quarter-wave spectra. Where they did, the filtered profiles were then used to locate the traces containing the peaks of the diffractions. We then used either the unfiltered reflection profiles or single traces to pick the onset of a reflection horizon and the resonance. The reflection profiles were preferable for the horizons because their continuity allowed us to distinguish their leading edge. For the resonances, the onset is the start of a continuous oscillation in a trace, or the leading edge of a diffraction apex in the unfiltered profile, which was most apparent in a linear intensity display format, rather than the nonlinear one used to display the entire profile. In some cases we used a high-pass horizontal filter with a very narrow, 21-35-trace window to isolate the diffractions where they were masked by a reflection horizon. The shorter window was used for one event that began near the start of the profile. We picked the time onset of leading edges with an accuracy of ±0.2 ns, or ±0.4 ns for the total of the two events involved when determining transit time in a layer. The displays on a computer monitor provide more accuracy than the reproduced profiles in the figures shown.
RESONANCE THEORY
The quarter-wave requirement for reverberation is based on the same principles of the well-known quarter-wave matching criterion, but without other requirements upon the permittivity ratios for the layer materials ͑Stratton, 1941; Plonsey and Collin, 1961͒. A quarter-wave matching layer ͑often used as an optical coating for lenses͒ is used to achieve near-perfect transmission from one medium into another for monochromatic radiation. The layer causes its front reflection to be out of phase ͑destructively interfere͒ with the reflection from its back. A phase change occurs for any normally incident reflection from an interface between lower permittivity material ͑in which resides the incident wave͒ above and higher below, or from metal. However, the key point is that the first back reflection does not totally cancel the front reflection; the successive intralayer multiple reflections must all add constructively when they leave the layer to help in the cancellation process, and the r of the matching layer must be the geometric mean of r for the two layers surrounding it. The resonances we discuss exploit this constructive interference of the successive intralayer multiples; the r of the layer only helps to determine the transit time. The schematic in Figure 4 illustrates the phenomenon. The reflected waveform from the top of the layer ͑R1͒ is that of the incident pulse but has undergone a shift in phase, so the polarity sequence of its successive half cycles is reversed. The phase polarity sequence of the much stronger first reflection from the bottom ͑R2͒ will be the same as that of R1. At the correct frequency, the successive reflections ͑R3, R4, etc.͒ are multiples of 2 out of phase with R2 and so a resonance is constructed. There is no phase shift for a wave passing through an interface, nor for a wave reflecting from the underside of an interface if the material above, such as ice, has a lower r than does the material of the resonating layer.
The resonant frequency f r in the metal target quarter-wave case is given by
where the layer refractive index n = ͱ r . The combination of d and n directly determines the transit time t for round-trip propagation within the layer such that t = 2dn/c. For the quarter-wave case, then, f r = 1/2t. The resonant frequency is not necessarily the dominant frequency of the pulse because the pulse is broadband. Therefore, the resonant frequency can range from far below to near the pulse center frequency and can occur either as a modulation or as the dominant frequency of the total reflection sequence. The schematic illustrates the case where the frequency of the resonance is well below the pulse bandwidth and so is represented as a wave of longer duration. For a metal target beneath a layer of frozen silt ͑ r = 9͒ that underlies ice, plane-wave theory predicts that the first, top-of-the-layer reflection ͑R1͒ loses 11.6 dB of strength from the incident wave. The first reflection from the bottom of the layer ͑R2͒ then loses only 0.6 dB because it has undergone only interfacial transmission losses. Each successive intralayer multiple then loses 11.6 dB of electric field amplitude per reflection. If the resonant layer were unfrozen ͑ r ϳ 36͒ under frozen silt, the successive multiples would eventually lose only 5.3 dB per multiple reflection and provide a much stronger and more sustained resonance ͑Figure 4͒. We do not account for intralayer attenuation because our resonant layers are so thin, but several more decibels could be lost after five or more reverberations. The layers discussed below, and in which resonance occurs, all have values of r greater than that of the layer above them. If the layer is ice with metal on the bottom, the layer above is air ͑ r = 1͒. If the layer is frozen silt ͑ r ϳ 9 or as high as 30 for marginally frozen silts or clays͒, the layer above is ice, and if it is unfrozen silt ͑ r ϳ 36͒, the layer above may be ice or frozen silt.
RESULTS
We recorded our profiles along the transects shown in Figure 5 . These are only a few of dozens recorded, but they were the only ones in which we encountered more than one resonance. The other lakes also had extensive areas where the ice did not reach to the bottom, so reverberation from the highly reflective water bottom and from within the thin water layer masked many subbottom events.
Longhorn Lake transect 15
The profile of transect 15 and its interpretation ͑Figure 6͒ illustrate the important stratigraphic features of these lakes. The major hori- Figure 4 . A ray diagram of quarter-wave resonance in a dielectric layer above a perfectly conducting substrate. The resonance is depicted by black-filled triangles because its frequency is usually lower than the pulse bandwidth and so will modulate the reflection sequence.
zons are the base of the ice ͑horizon 1͒, the interface between frozen and unfrozen sediments within the subbottom ͑horizon 2͒, and the contact between the silt fill and the moraine beneath ͑horizon 3͒. GPR profiles of a freeze/thaw horizon have been discussed previously ͑Arcone and Calkins, 1990; Delaney et al., 1990͒ . The values of r we used for the interpretation ͑Figure 6b͒ are 3.2 ͑ice͒, 9 ͑frozen, saturated silt͒, 36 ͑unfrozen, saturated silt͒, and 6.8 ͑frozen sand and gravel of granitic composition͒. Conductivity is not considered for the interpretation. We base these r values on our sampling and values in the literature.
We sampled the subbottom silt beneath several lakes ͑Figure 7͒, which confirmed that loess deposits occur within the deeper parts of these shallow basins. The loess is extremely fine-grained silt, as also observed in shoreline deposits. Where sediments were not frozen, we found a few centimeters of supersaturated silt upon a very dense layer of silt at 42%-46% water content by volume ͑near saturation͒, using the Vitel coaxial cage soil moisture meter. For the glacially derived, quartz-rich silt of interior Alaska, these water volumes generally give r values of 30-36 and conductivities of about 0.025 S/m ͑Arcone and Delaney, 2003͒. Our conductivity values were as high as 0.044 S/m, which were likely caused by ionic exclusion as the freezing front of the overlying water approached the silt bottom. In the frozen state r is typically about 9 when frozen to about −7°C because of unfrozen water volume ͑Delaney and Arcone, 1984͒. However, when marginally frozen at approximately −1°C, it can be as high as 30, which is almost no different than in the unfrozen state. This case is likely to have occurred because the depth of the freeze-thaw interface appears to have been only tens of centimeters below the ice bottom. In addition, the appearance of unfrozen silt beneath the ice in one hole suggests that most of the bottom silt was marginally frozen.
The sands and gravels of this area are mostly felsic in composition and give r values of ϳ7 in an unfrozen state. In a frozen state they are ice-poor and so must then have a similar value of r . Consequently, within the sands and gravels, horizon 2 in Figure 6 is not strong. Our r = 6.8 is based on moveout profiles we have performed in the area. Although this value may seem low for this material when underlying a lake, it is plausible because the phase structure of the silt/outwash horizon shows that it must be less than that of the frozen silt. Any spring-fed source of water should have dried up by late winter, and the silt above the sands and gravels will keep water from draining.
The phase polarity sequences of the half-cycles within the reflection horizons generally reveal whether the material of relatively higher r resides on either the top or bottom side of an interface horizon. Horizons 1 and 2 contain lower over higher and generally have a phase polarity sequence of ϩϪϩ ͑white-black-white bands͒, like that of the metal reflection in the insert in Figure 3 . Traces with these characteristics are shown in the figure. This sequence is not consistent for any horizon because only a few centimeters of a different material can reverse the polarity sequence ͑Arcone et al., 2006͒; for example, an air layer within an intermittent contact between the ice and the bottom because of late-season drainage or an ice layer sitting on the freeze/thaw interface ͑Arcone et al., 1998͒. Consequently, the freeze/thaw interface is identified additionally by the fact that it cuts through other horizons, as seen at 25 m distance ͑Figure 6a͒. We interpret horizon 3 to be the interface between saturated silt above and sands and gravel below because our drilling confirmed the presence of silt and because it has a ϪϩϪ banding.
Over the first 18 m distance in Figure 6a , the reflection from the base of the ice has a transit time of 5.0 ns, which gives a thickness of 0.42 m. At 1.5-1.9 m a resonance starts immediately at or just under the ice bottom with variable frequency content. After application of the low-pass filter ͑Figure 8a͒, the unfiltered trace of the resonance ͑Figure 8b͒ now appears with a dominant frequency near 180 MHz Figure 5 . The location and number designation of our transects. The arrows indicate the direction of the profiles. Figure 6 . ͑a͒ Profile of transect 15 on Longhorn Lake, ͑b͒ stratigraphic interpretation, and traces from ͑c͒ 43.0 and ͑d͒ 47.8 m distance. The vertical axis of the radar profile is given in time because of the variable dielectric constants, which are estimated for the lower layers in the interpretation. The horizons are ͑1͒ ice bottom, ͑2͒ freeze/thaw, and ͑3͒ silt over gravel. The amplitude scales in the traces are relative. ͑Figure 8c͒. However, invoking quarter-wave matching theory, 5.0 ns corresponds to f r = 100 MHz. Our timing accuracy of ±0.2 ns could place this frequency between 93 and 109 MHz. A resonance at 95 MHz is seen in the spectrum of the unfiltered trace at 1.6 m ͑Figure 8d͒ and more prominently in Figure 8e after applying 100 MHz low-pass filtering. This suggests that our timing accuracy was ϳ0.25 ns. Figure 8d and e shows that the 95-MHz signal modulates the trace. Figure 8a also reveals a second 161-MHz resonance at 85 m distance. However, it starts at ϳ40 ns, and there is no discernible interface in Figure 6a from which to measure a transit time.
Longhorn Lake transect 18
The profile for transect 18 ͑Figure 9a͒ shows a clear base of ice reflection ͑horizon 1͒ with a variable phase structure and two apparent resonances near 68-69 m distance. At this distance the ice reflection starts at 6.5 ns, which gives 0.55 m of ice thickness. The next major horizon must be the freeze/thaw interface, but it has an inconsistent ϪϩϪ phase polarity sequence. There is no consistent evidence of any deeper horizon. After 100-MHz filtering ͑Figures 9b and 10b͒, only one lower-frequency resonance appears and is located at 68.1 m. As revealed in the detail ͑Figure 9c and d͒, it starts at 10.0 ns and persists about 20 ns longer than the similar feature in the unfiltered profile. This provides a 3.5-ns transit time to the target within the frozen silt beneath the ice. Quarter-wave resonance theory predicts that this time corresponds with a frequency of 143 MHz; our timing accuracy places the value between 128 and 161 MHz.Aspectral peak at 151 MHz is prominent in both the unfiltered and filtered spectra ͑Figure 10c and d, respectively͒, and is the dominant fre- Figure 7 . Saturated silt brought up on a stick from just beneath the ice on Dallas Lake; two other holes were dry ͑silt was frozen͒. The hole was located at 63 49.621Ј latitude, 145 53.658Ј longitude. The water conductivity in the hole was 0.044 S/m at 0.1°C, an unusually conductive value probably caused by ionic exclusion of the overlying water as it froze to the base. We could only push the stick about 0.1 m into this dense silt. Figure 8 . ͑a͒ Profile of transect 15 on Longhorn Lake after 100-MHz low-pass filtering, ͑b͒ the trace at 1.6 m distance before filtering, ͑c͒ after filtering, and ͑d, e͒ their respective spectra. The dashed line at 5 ns in ͑b͒ is the start of the resonance. The filtered profile ͑a͒ also reveals a resonance at 85 m distance ͑oval͒, and which is not seen in the original profile. The amplitude scales are relative. Figure 9 . Profile of transect 18 on Longhorn Lake ͑a͒ before and ͑b͒ after 100-MHz low-pass filtering, and details of the resonance at 68.1 m ͑c͒ before and ͑d͒ after a 21-trace horizontal high-pass filter was applied. The ovals ͑a, d͒ locate two apparent resonances, only one of which remains in the low-pass filtered profile ͑b͒. The upper arrow in ͑c͒ indicates the ice reflection and the lower indicates the start of the resonance. quency that appears in the filtered profile. The resonance then originates 0.18 m below the base of the ice, and within ice-rich silt at an estimated r = 9 ͑Delaney and Arcone, 1984͒. For a marginally frozen silt, r ϳ 30, and the thickness decreases to ϳ0.10 m.
Longhorn Lake transect 26
The profile of transect 26 ͑Figure 11a͒ clearly reveals horizons 1 and 2. Again, the phase structure of horizon 1 varies from ϩϪϩ to ϪϩϪ, but that of horizon 2 is consistently ϩϪϩ. A brief horizon at the lower right has the characteristic phase structure ͑ϪϩϪ͒ for an interface between a high permittivity material over a lower one and so may be horizon 3. There are several disturbances near 71 m, and it is not clear if they are closely spaced diffractions or resonances. Near 78 m a series of concentric hyperbolas of the same shape originate below horizon 2. Low-pass filtering ͑Figure 11b͒ reveals that the disturbance near 71 m is a resonance whereas the resonance near 78 m has been degraded. In the vicinity of the resonances, the ice bottom horizon 1 starts at 6.6 ns ͑0.56 m of ice͒ and the start of the freeze/ thaw horizon 2 varies between about 16-17 ns. Given the round-trip time difference of 10 ns and an r = 9 for ice-rich material at a temperature of about −7°C ͑Delaney and Arcone, 1984͒, the freeze/ thaw interface is then about 0.50 m below the base of the ice. If the silt were about −1°C, then r could be close to 30 and the freeze/ thaw interface at approximately 0.27 m below the ice bottom.
The 100-MHz filtered profile ͑Figure 11b͒ shows that the resonance is centered at 71.1 m. The enlargement of a horizontally filtered version of the profile ͑Figure 11c͒ shows that it starts at 12 ns, which places it above the freeze/thaw horizon 2 and in the frozen silt. The 12-ns transit time to the target gives a transit time of 5.4 ns in the frozen silt, which gives a quarter-wave f r = 93 MHz. Our timing accuracy places this frequency between 86 and 100 MHz. The filtered trace ͑Figure 12b͒ shows a spectral peak at 90 MHz ͑Figure 12d͒. However, the resonance is dominated by seven cycles lasting 37 ns Figure 10 . Trace at 68.1 m distance along transect 18 on Longhorn Lake ͑a͒ before and ͑b͒ after 100-MHz low-pass filtering, and ͑c, d͒ their respective normalized spectra. The dashed lines indicate the start of the resonance. The trace amplitude scales are relative. Figure 11 . ͑a͒ Profile of a segment of transect 26 on Longhorn Lake, ͑b͒ same profile after the 100-MHz low-pass filtering, and ͑c͒ same profile, but with a 35-trace high-pass horizontal filter applied and displayed in a linear intensity format. The arrows in ͑c͒ indicate the start of the events that contain resonances. The unfiltered profiles ͑a, c͒ show almost no evidence of resonance at 71.1 m. Figure 12 . The trace at 71.1 m distance from the profile in Figure 11 ͑a͒ before and ͑b͒ after 100-MHz low-pass filtering, and ͑c, d͒ their respective normalized spectra. The trace at 78.5 m distance ͑e͒ before and ͑f͒ after filtering, and ͑g, h͒ their respective normalized spectra. The dashed lines indicate the onset of resonance in the unfiltered traces, and the arrows indicate the quarter-wave peaks in the spectra. The horizontal line with end bars in ͑b͒ indicates resonance duration. The amplitude scales are relative. ͑barred horizontal line͒, which provides the 186-MHz dominant frequency in the filtered profile and spectrum. Therefore, our 93-MHz spectral peak is a weak modulation. For r = 9, 5.4 ns gives a thickness above the target of 0.27 m. If we increase r to 30, then the thickness decreases to 0.15 m and the theoretical resonant frequency is still 93 MHz.
A second resonance is centered at 78.5 m ͑Figures 11a and 12e͒. Its period of 3.6 ns gives a dominant frequency of 278 MHz, as measured from the profile. At this distance, horizon 2 begins at 16.8 ns. Removal of horizon 2 with a 21-trace horizontal filter ͑Figure 11c͒ shows that the diffractions begin at 20.8 ns, which gives a transit time of 4 ns within the unfrozen silt below the freeze/thaw interface. This time predicts a resonant quarter-wave frequency of 125 MHz and a layer thickness above the target of ϳ0.10 m for an estimated r = 36 for an unfrozen saturated silt. Given our timing accuracy, this predicted value could be between 114 and 139 MHz. The unfiltered spectrum in Figure 12g shows that the dominant resonance in the unfiltered profile is centered near the pulse center frequency at 280 MHz. The filtered profile ͑Figures 11b and 12f͒ has a dominant frequency of 216 MHz, and its spectrum ͑Figure 12h͒ has a strong peak at the predicted 125-MHz resonance. Figure 13a shows the profile of the first 60 m of transect 27 recorded on Dallas Lake. At 37.5 m distance ͑Figure 13c͒ the ice base reflection dips slightly and starts at 4.0 ns ͑0.34 m ice͒. A diffraction begins beneath the ice at 6.4 ns, and there is no apparent resonance. Before filtering, the trace spectrum ͑Figure 13e͒ is centered at 235 MHz, which is lower than the usual 280-290 MHz of most ice reflection traces. After low-pass filtering ͑Figure 13b and d͒, the diffraction appears as a resonance with a dominant frequency of 185 MHz ͑Figure 13f͒. The spectrum shows the strongest peaks at 177 and 191 MHz. The 2.4-ns transit time for the diffraction gives a quarter-wave resonant frequency of 208 MHz. Our timing accuracy places this frequency between 192 and 227 MHz. For r = 9, 2.4 ns transit time gives a silt thickness above the target of 0.12 m. For r = 30, the thickness decreases to 0.07 m. Figure 14a shows a profile segment in which three resonance events appear to start at more than 30 ns transit time, but the filtered Figure 13 . Profile of the first 60 m of transect 27 across Dallas Lake ͑a͒ before and ͑b͒ after 100-MHz low-pass filtering. The trace at 37.5 m distance ͑c͒ before and ͑d͒ after filtering, and ͑e, f͒ their respective normalized spectra. The resonant diffraction starts at 6.4 ns, which is 2.4 ns after the leading edge of the ice base reflection ͓insert in ͑a͒ and vertical dashed line in ͑c͔͒. The resonant peak in ͑f͒ is at 177-191 MHz. The trace amplitude scales are relative. Figure 14 . ͑a͒ Profile segment of transect 27 on Dallas Lake showing ͑1͒ ice/bottom, ͑2͒ freeze/thaw, and ͑3͒ silt/gravel interface horizons, and three resonances. ͑b͒ The same profile after 100-MHz lowpass filtering. ͑c, d͒ Respective enlargements of both profiles in the area of the resonant events. Arrows 4 and 5 in ͑b͒ show that the resonances begin earlier in the record than in the unfiltered profile ͑a͒. Arrow 4 in the unfiltered profile ͑c͒ indicates the start of the diffraction at 124.4 m. Arrow 5 in the filtered profile ͑d͒ indicates the approximate start of the resonance at 131.6 m. Arrow 6 in ͑b͒ indicates a series of half-diffractions whose possible origin is indicated in ͑d͒, and arrow 7 ͑b, d͒ indicates full diffractions. The amplitude scales are relative.
Dallas Lake transect 27
profiles ͑Figure 14b and d͒ reveal that some of the diffraction origins are earlier. The first event is centered at 124.4 m distance ͑Figure 15a͒, where the transit time of the base of the ice reflection is 4.4 ns, or 0.37 m of ice. The enlargement of the unfiltered profile ͑Figure 14c͒ shows that the associated diffraction also starts at the base of the ice. From 124.2 m to 124.8 m this reflection is particularly strong relative to the ensuing events, which suggests that the target may be about 0.6 m long. The transit time of 4.4 ns corresponds with a quarter-wave matching frequency of 114 MHz, and our timing accuracy places this frequency between 104 and 125 MHz. The spectra of the unfiltered ͑Figure 15c͒ and filtered ͑Figure 15d͒ trace at this distance show peaks at 75 and 110 MHz, the latter of which is the dominant frequency that appears in the filtered profile ͑Figures 14b, 15b, and 15d͒.
The second resonance event in Figures 14a and 15e is centered at 131.6 m. Here the ice transit time is 5.4 ns ͑0.46 m thickness͒, and the freeze/thaw interface reflection begins at 13 ns. From the filtered profile ͑Figures 14b and 15f͒ the peak of a steep diffraction indicates that the resonance starts near 18 ns. The unfiltered trace ͑Figure 15e͒ shows an event that follows horizon 2 and begins at ϳ18 ns. This provides a transit time of 5 ns between the target and the freeze/thaw horizon above, and corresponds with a quarter-wave frequency of 100 MHz. Our timing accuracy places this frequency between 93 and 109 MHz. The filtered trace spectrum ͑Figure 15h͒ shows relatively strong peaks at 100 and 110 MHz. For an estimated r = 36 for unfrozen silt, the target would then be at 0.13 m depth within the unfrozen material and 0.51 m beneath the ice if the frozen silt had an r = 9. The lack of a distinct horizon 3 in this section suggests that this material may be the sands and gravels. The peaks centered from 151-166 MHz contain the dominant frequencies seen in the profiles ͑Figure 15f͒ and are associated with the unusual wavelets labeled with their dominant frequencies in Figure 15e . Below, we discuss the implications of the other peaks in the unfiltered spectrum ͑Figure 15g͒.
The third resonance in Figures 14 and 15i is centered at 142 m. The base of ice reflection is at 5.4 ns, and the freeze/thaw horizon occurs at about 18 ns. There are two low-frequency diffractions, indicated by arrows 6 and 7 ͑Figure 14b͒. The earlier diffraction shows only one side of its asymptotes, and the filtered enlargement in Figure 14d shows that it starts near 141.3 m near 30 ns transit time. The later event is a full diffraction that starts near 60 ns. These events have dominant periods of 8.6 ͑116 MHz͒ and 5.2 ns ͑192 MHz͒, respectively, and account for two of the peaks seen in the filtered and unfiltered trace spectra between 100 and 200 MHz ͑Figure 15k and l͒. The transit time of 12 ns of the earlier diffraction relative to the 18-ns delay of horizon 2 predicts a quarter-wave resonance frequency of 42 MHz, which would have too little energy to be seen in the filtered spectrum of Figure 15l . Table 1 summarizes our results. After filtering we identified nine resonances, of which we analyzed eight. Of these eight, seven showed spectral peaks at the quarter-wave resonant frequencies predicted by transit times of the events within a layer, and four of these seven are considerably below the dominant frequencies in the filtered profile. These differences between dominant and quarter-wave frequencies are consistent with the prediction that the quarter-wave spectral peaks can be superimposed modulation ͑as illustrated in Figure 4͒ , the best example of which occurred at 1.6 m along the Longhorn 15 profile. They also illustrate the benefit of using a lowpass filter to identify resonances unseen in unfiltered profiles.
DISCUSSION
Although our predicted peaks are very close to spectral peaks seen in the measured spectra, the possible error in our measured frequencies ranges from 4%-15%, with most errors falling near 9%-11%. At a transit time of 4 ns, for example, the actual value could be 3.6 ns ͑11% error͒ or 4.4 ns ͑9%͒. This is consistent with possible errors involved in determining the correct spectral peak through spectral Figure 15 . Traces at 124.4 m, 131.6 m, and 142 m distances along transect 27 before ͑a, e, and i, respectively͒ and after ͑b, f, and j, respectively͒ 100-MHz low-pass filtering, and their respective normalized spectra beneath them ͑c, d; g, h; k, l͒. The vertical dashed line in the unfiltered trace at 124.4 m ͑a͒ is at the start of the bottom reflection, and the arrow in its filtered spectrum ͑d͒ is the quarterwave resonance. The vertical dashed line in ͑e͒ indicates the start of a target resonance, the spectral peak of which is indicated by an arrow in ͑h͒. The labeled frequency events in ͑e͒ are seen in ͑g͒ and cannot be associated with any measured transit times. The trace amplitude scales are relative.
analysis and are shown below in one of our models for which an error of 9% resulted. These error percentages translate directly to errors that might be expected in using the frequencies to resolve layer thicknesses.
The spectral peaks not predicted by quarter-wave theory should not be the complex natural resonances described by Chen and Peters ͑1997͒ because for these to occur the targets must be much thinner than a wavelength. For example, the filtered trace at 131.6-m distance along Dallas 27 shows our quarter-wave resonance near 100-110 MHz ͑Figure 15h͒, but the unfiltered trace shows strong peaks at 151, 166, 270, 350, and 420 MHz ͑Figure 15g͒. The 151-MHz and 166-MHz peaks are generated by the low-frequency wavelets much deeper in the record than the origin of the diffraction and for which we have no explanation. The 270-MHz peak corresponds with the horizon wavelets. At 350 MHz, the in-situ half-wavelengths for target resonance in unfrozen silt ͑ r = 36͒ or unfrozen sands and gravels ͑ r = 6.8͒ are only 0.07 and 0.16 m, respectively, which are much shorter than the lengths of common artillery ordnance. Therefore, these higher peaks must be associated with events that do not retain low-frequency content such as scattering from a structure more complex than a simple cylinder.
Model simulation
Although it is not current policy to fire into lakes and wetlands, these ranges have been in use since the 1930s, and cratering along the Longhorn Lake shoreline ͑Figure 2͒ suggests that the lake itself may have been hit, if not targeted. Primary ordnance was 105-and 155-mm artillery shells and 81-and 120-mm mortars. These dimensions specify maximum diameters. Unfortunately, documentation of errant projectiles has been kept since only about 1987, and range clearance operations are based only on surface examination and so avoid lakes. We use modeling to help interpret our findings because targets must be absolutely identified before excavation is allowed. All of our models are based on the same structure: a 0.60-m layer of ice ͑ r = 3.18͒ over a semi-infinite layer of sediment ͑ r = 36͒ beneath which a metal object of infinite conductivity is at 0.10 m depth. The layering simplifies the situation along Longhorn transect 26 at 78.5 m. The r = 36 and 0.10-m depth produce a layer transit time of 4 ns and a predicted quarter-wave resonant frequency of 125 MHz. Any other combination of r and thickness that gives a 4-ns transit time will produce the same frequency. For simplification, we choose zero conductivity for the layers. The layer thicknesses are so small, however, that a finite and realistic conductivity value would not affect the results. The excitation is a wavelet similar in form to that shown in Figure 3 but with the spectrum centered near 280 MHz. We applied range gain to the responses and passed them through a second-order 100-MHz FIR filter to simulate the processing of our commercial software.
The first model we tested ͑Figure 16͒ is based on the analytic expression for the response to a plane-wave incident upon a layered media, with the lowest interface being an infinite metal sheet. Although both the target and source are unrealistic, the example illustrates the resonance response and also the modulation phenomena discussed earlier. Figure 16a shows the unfiltered response; the heavy line outlines the expected modulation, which occurs at 125 MHz. Figure 16b shows the filtered waveform, Figure 16c shows the spectrum of the unfiltered waveform and Figure 16d shows the spectrum after applying the 100-MHz filter. The quarterwave resonance peak occurs at 135 MHz so that the filtering process may introduce a 9% error in locating the resonance.
The remaining 2D models were numerically constructed with pseudospectral FDTD techniques ͑Liu and Arcone, 2005͒. We replace the plane wave with an infinitesimal dipole source polarized perpendicular to the plane of the page, and the targets are of finite size. Figure 17a Figure 16 . ͑a͒ The plane-wave response of a range-gained 280-MHz pulse to a layer structure terminated by an infinite metal sheet. ͑b͒ The response after application of a 100-MHz FIR filter, and ͑c, d͒ their respective spectra. The modulation provided by the resonance is outlined in ͑a͒.
must be caused by the very small, effective area at the top of the cylinders. Any other orientation of the cylinder and polarization should give an even weaker response near 125 MHz. In contrast, finite-size metal sheets of 0.5 and 1.0 m dimensions show resonances at 125 MHz ͑Figure 18͒, the strengths of which compare with those of other peaks in the unfiltered spectrum. These comparable strengths also occurred at 68.1 m along Longhorn 18 and at 124.4 m along Dallas 27. These sheet dimensions correspond with in-situ half-wave resonant frequencies of 50 and 25 MHz, respectively, so that the 125-MHz response is not caused by target resonance, which would be precluded anyway by the orthogonal orientation of the excitation polarization. Figure 17 . Traces of the response of a 280-MHz pulse to a 2D model of ice over silt within which is a metal cylinder of ͑a͒ 0.15 m, ͑c͒ 0.30 m, and ͑e͒ 0.60 m diameters, and ͑b, d, f͒ their respective spectra. The ice is 0.60 m thick and the top of the cylinder is 0.10 m beneath the ice bottom and within the silt, as shown in the insert in ͑f͒. The lighter traces are the actual responses; the darker ones have had the direct coupling removed and range gain applied. The dashed spectra are for the raw traces, the dash-dot spectra are for the rangegained traces, and the solid spectra are for the range-gained traces after application of a 100-MHz low-pass filter. Only the largest cylinder shows a response near the predicted quarter-wave resonance at 125 MHz ͑arrow͒. Figure 18 . Traces of the response of a 280-MHz pulse to a 2D model of ice over silt within which is a flat metal sheet of ͑a͒ 0.5 and ͑c͒ 1.0 m width and ͑b, d͒ their respective spectra. The ice is 0.60 m thick and the top of sheet is 0.10 m beneath the ice bottom and within the silt, as shown in the insert in ͑d͒. The lighter traces are the actual responses; the darker ones have had the direct coupling removed and range gain applied. The dashed spectra are for the actual traces, the dash-dot spectra for the range gained traces, and the solid spectra are for the range gained traces after a 100-MHz low-pass filter was applied. Both cases show a strong response at the quarter-wave resonance predicted at 125 MHz.
Diffraction suppression
A question still remains with our hypothesis of metal targets as being necessary to the formation of these resonances: Why aren't there significant diffractions associated with these targets? In transect 15 ͑Figure 6a͒, there appear to be well-developed diffractions at depth, but not near the surface. Most targets lie at or within 0.3 m below the base of the ice. We explain this with a refraction argument: Any ray reflecting from a target within a higher permittivity medium and refracting into the ice layer above is refracted at an angle greater than the angle of incidence and is deflected away from the antenna on the surface. Given a lower-layer permittivity ͑ r = 9͒, a ray incident upon the ice bottom at only 20°with respect to normal is refracted at an angle of 35°. An incident angle of 36°gives critical refraction. Additionally, any ray that does make it into the ice layer excites highly attenuating modes propagating in the ice waveguide ͑Liu and Arcone, 2005͒. This implies that any localized event originating near the ice bottom should undergo this modal transformation. In fact, the profiles show that most do, because the asymptotes of these events appear as short, but straight, diagonal lines.
CONCLUSIONS
The consistency of target transit times with resonances predicted by quarter-wave theory leads us to conclude that these phenomena result from the position of targets in relation to overlying interfaces and not from their structure, natural resonance, or secondary causes such as poor antenna contact with the surface. The measured transit time to the target within a layer allows a check on whether a spectral peak is caused by a quarter-wave phenomenon or a natural resonance. If resonance is a quarter-wave phenomenon, then the transit time allows an estimate of the subsurface depth given an estimate of r . Furthermore, simple low-pass filtering of a profile appears to be a viable way of identifying targets that may not appear in unfiltered profiles.
The quarter-wave criterion forced us to look for evidence of layer resonance at frequencies as low as 100 MHz. The thinness of the layers prevented any absorption or geometric spreading losses within the layer from being significant. Thicker layers would generate resonances too low to be detected by this antenna model, as may have been the case at 142 m along the Dallas 27 transect. We also acquired a limited number of profiles at 160-200 MHz and 500-600 MHz center frequencies. The 160-200-MHz profiles show many resonances but none that can be identified exactly with the resonances we show here because of our positional inaccuracy. We did not analyze these profiles because the center frequency provides less resolution of transit times and the 10-dB pulse bandwidth overlapped the resonances. Consequently, we conclude that a 300-MHz pulse center frequency may be optimum for resonances detected within the top meter of ground.
The strong permittivity contrast required for the interface overlying the target may occur in environments other than lakes, such as wet soil horizons. Such horizons may not be as smooth as a lake bottom or a freeze/thaw horizon, so resonance may not be possible. If targets are sought within the subbottom of unfrozen lakes, the water bottom will still provide an interface with a strong dielectric contrast.
Our modeling shows that the targets encountered are probably not artillery shells, the largest of which are 0.10-0.15 m in diameter, nor even practice bombs, most of which do not exceed 0.22 m in diameter. More likely, the targets are flat-lying metal debris on the order of 0.5 m dimension. Most of our target depths were within 1 m below the surface. If such targets are located several meters below the surface, then detection of quarter-wave resonances will be more difficult, but the situation would not be difficult to model and would establish references of signature responses that can be compared with future surveys where verification will be possible.
